Plasmonic wormholes: Defeating the early bird 
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We describe two types of toroidal metamaterials which are invisible for surface plasmon polaritons 
(SPPs) propagating on a metal surface. The former is a toroidal handlebody bridging remote holes 
on the surface: it essentially works as a plasmonic counterpart of electromagnetic wormholes. The 
latter is a toroidal ring lying on the metal surface: this bridges two disconnected metal surfaces i.e. 
it connects a thin metal cylinder to a flat metal surface with a hole. Full-wave numerical simulations 
demonstrate that an electromagnetic field propagating inside these metamaterials does not disturb 
the propagation of SPPs at the metal surface. A multilayered design of these devices is proposed, 
based on effective medium theory for a set of reduced parameters: The former metamaterial requires 
homogeneous isotropic magnetic layers, while the latter requires dielectric layers. 

PACS numbers: 



INTRODUCTION 

Five years ago, two groups of physicists [2 [2] unveiled 
independent paths towards electromagnetic invisibility. 
The transformational optics proposal by Pendry et al. 
leads to singular tensors on the frontier of the invisibility 
region [21 Hj that require an extreme electromagnetic re- 
sponse achieved upon resonance of split ring resonators 
[5]. Various extensions including the blowup of a seg- 
ment instead of a point [6^ and the stereographic projec- 
tion of a virtual hyper-sphere in a four dimensional space 
[7] have been studied. The conformal optics proposal 
by Leonhardt's grouping [5] leads to spatially varying, 
but bounded, scalar permittivity and permeability. How- 
ever, the mathematical tools of complex analysis thus 
far constrain the invisibility design to two-dimensions. 
Some recent advances in quasi-conformal optics [SHU] 
also found some applications in the control of surface 
plasmon polaritons (SPPs): Transformational plasmon- 
ics [T2Ul8j . Harnessing SPPs in order to deliver cou- 
pling between surface electrons on a structured metal- 
lic plate and incident light is a core topic in plasmonics 
|19H22j . and plasmonic resonances underpins invisibility 
relying upon devices such as out-of-phase polarizability 
shells with low refractive index [23] , core-shell anomalous 
resonances |24|, or concentric rings of point scatterers 
|25j . However, the field of transformational plasmonics 
has a broader range of applicability as it is fuelled by 
analogies with Einstein's general relativity such electro- 
magnetic wave propagation in inhomogeneous media and 
particle/light motion in gravitational potentials. For ex- 
ample, the plasmonic Eaton lens proposed by Zhang's 
team [TS] is reminiscent of an optical black hole 
which can trap and absorb electromagnetic waves coming 
from all directions. In the present letter, we extend the 
design of transformation based wormholes to the area 
of surface plasmon polaritons (SPPs). In physics and 
fiction, a wormhole is portrayed as a shortcut through 



spacetime. Building upon the recent proposal of electro- 
magnetic wormholes Greenleaf et al. [29] , it is enough to 
consider it as a topological feature of space. Our main 
contribution is an explicit design of a toroidal handle- 
body to control SPPs propagating at a metal surface 
with two holes: The main ingredient in the wormhole 
recipe is to blow up a curve, rather than a point as is 
used in a typical three-dimensional invisibility cloak. We 
further numerically demonstrate the validity of our the- 
oretical approach with three-dimensional finite element 
computations for SPPs propagating in a toroidal hetero- 
geneous anisotropic wormhole. We finally derive some 
reduced set of parameters allowing for the design of a 
multi-layered toroidal tunnel consisting of an alternation 
of isotropic homogeneous layers approximating the ideal 
wormhole in the homogenization limit. This brings plas- 
monic wormholes a step closer to an experimental setup. 
Potential applications in plasmonics range from invisible 
Plasmonic waveguides (which could be useful in making 
measurements of electromagnetic fields without disturb- 
ing them, or as new types of endoscopes in medical appli- 
cations), to hard discs for optical computers (the latter 
requires a tilted version of the wormhole which lies on a 
metal surface, which is also discussed). Other applica- 
tions can be also envisaged thanks to the unprecedented 
control of SPPs through transformational plasmonics. 



TOPOLOGICAL DESCRIPTION OF THE 
WORMHOLES 

In this letter, we introduce two types of plasmonic 
wormholes. We start by describing the mathematical 
construction of a magnetic wormhole, which involves an 
invisible handlebody and two holes on a metal plate. 
Such a wormhole can be implemented for electromagnetic 
fields by deriving the required tensors of permittivity and 
permeability for a toroidal region of M'^ (the invisible tun- 



nel) connecting two regions of a metal surface, using the 
tools of transformational plasmonics. 




FIG. 1: Principle of the undetectable tunnel bridging two dis- 
tant regions on a metal surface. The electromagnetic waveg- 
uide is shown in yellow and the coating in blue. It is coated 
with a transformed dielectric plasmonic wormhole with re- 
duced parameters: in principle, the handlebody is acting as a 
waveguide for electromagnetic waves launched from the metal 
dielectric interface where we set H = {Hx2,0,0) exp{—iijjt) 
with Hx2 = exp{—i\^z) (a); (b) Two dimensional plot (view 
from above) of the real part of the magnetic field; (c) Three- 
dimensional plot validating the guiding and invisibility prop- 
erties; (d) Two-dimensional plot of the real part of the mag- 
netic field in the vertical plane showing the inner structure 
of the wormhole with a dielectric in the middle region which 
is surrounded by two regions of transformed medium. Note 
that the interfaces between the regions consist of a thin, in- 
finitely conducting layer of thickness 70 nanometers. These 
computations are for a wavelength of 700 nanometers for two 
remote circular holes of diameter 2a = 533 nanometers with 
a center to center spacing of 2R = 1000 nanometers. 

The main ingredients of our wormhole construction are 
as follows: We start by making two identical holes in a 
metal plate, for instance two discs Di and D2 separated 
by some positive distance on a plane. We denote by M 
the region so obtained: M = R'^ \ {Di U 02). Topolog- 
ically, M is a two-dimensional manifold with boundary, 
the boundary of M being dM — dDi U 9£>2- We note 
that dM is the disjoint union of two discs on the plane. 

The second component of the wormhole is a curved 
toroidal cylinder, T = dM x [0; L], where L denotes the 
arc-length which connects points of circle dDi to points 
of circle dD2. As the boundaries of M and T are topo- 
logically the same {dM = dT = dDi U dD2), we can 
glue these boundaries together. The resulting domain 
W no longer lies on the metal surface M^, but rather 
has the topology of Euclidian space M.'^ with a three- 
dimensional handle attached, see Fig. 1(a). W is in fact 
a three-dimensional manifold (without boundary) that is 
the connected sum of the components M (metal surface 
with two distant holes) and T (toroidal cylinder). 

Regarding the construction of the dielectric wormhole, 
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FIG. 2: (a) Principle of the undetectable toroidal ring bridg- 
ing two disconnected regions i.e. a metal cylinder and a metal 
surface. The electromagnetic waveguide is shown in yellow 
and the coating in blue. Ray trajectories are drawn for il- 
lustrative purpose only. Full wave simulations validate the 
theoretical proposal: (b) View from top; (c) 3D plot; (d) Side 
view; Here, all plots are for the real part of the magnetic field 
and we set H = (0, 0, H^2) exp(— iwt) with Hx2 = exp{—i\^z) 
on the waveguide cross-section in the vertical plane y = 0. 

see Fig. [2j the previous construction repeats mutatis 
mutandis with the noticeable difference that the manifold 
M should be replaced by a manifold AIi with a single 
hole: Ml =M.'^\Di. Moreover, the disc D2 is now located 
inside Di: D2 C Di. Further details can be found in the 
Supplementary Information. 

TRANSFORMATION PLASMONICS FOR THE 
DESIGN OF WORMHOLES 

We now wish to apply tools of transformational plas- 
monics to design a device in R'^ which controls the prop- 
agation of SPPs in the same way as the presence of the 
handle T in the wormhole manifold W. On W we shall 
use the Riemannian metric that is the Euclidian metric 
on M and the product metric on T. We emphasize that 
we are not actually tearing and gluing plasmonic space, 
but instead prescribing a metamaterial which makes the 
SPPs propagating on the metal plate behave as if they 
were propagating on the wormhole manifold W. In other 
words, adopting the viewpoint of a SPP, it appears that 
the topology of plasmonic space has been changed. 

We first consider a surface plasmon polariton (SPP) 
propagating in the positive x direction at the interface 
z = between a metal surface (z < 0) and air (z > 0). If 
we choose the magnetic field H as the unknown, it takes 
the following form: 

f H2 = (0, Hy^,Q) exp{i(fc^2a; - ijjt) - kz2z} , z > , 
\ Hi = (0, Hy^ , 0) exp{i{kxix - ujt) + k^^iz} , z < , 

(1) 
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with ^{kzi) and ^{kzi) strictly positive in order to 
maintain evanescent fields above and below the interface 
^ = 0. 

Let us now consider two holes in the metal interface. 
It is clear that the propagation of the SPP is affected by 
their presence (see supplementary information). Our aim 
is to design an invisible handlebody through geometric 
which will bridge the two holes at the metal surface, and 
make them invisible. 

For simplicity, we construct a device that has rota- 
tional symmetry about a line in M.^, and moreover we 
assume that the radii of Di and D2 are equal. We 
use toroidal coordinates (r, u, v) corresponding to a point 
{{R+r sinu) cos v, (_R-t-r sinu) sinv, r cos w) in M'^, where 
2R is the center-to-center spacing between the discs Di 
and D2. We then blowup the centerline of the toroid 
which goes through the centers of Di and D2, onto a 
toroidal coating using the transform r' = a + r{b — a)/b, 



and v' 



Here, b and a are the radii of the 



circles that form the outer and inner boundaries of the 
cloaking region, respectively. 

In order to simplify the design of the wormhole, we 
proceed in a way similar to what was done to obtain a 
reduced set of material parameters for cylindrical cloaks 
in jSOj . Using the transformational plasmonics tools, we 
obtain (see online Supplementary Information): 



e. 



fJ^rr = j{r,U) 



r — a 

6^ r — a 



(2) 
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{b~afrfir,u) 



{b—a)R-\-b{r—a) sin u 
(b— a) (R+r sinu) ' 

set of reduced parameters 



where /(r, u) 



which leads us to the 



r 

= 1 
6^ 



(3) 
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that preserve the wave trajectories, but induce a slight 
impedance mismtach on the wormhole ounter boundary. 

For a toroidal cloak, see Fig. [2ja), both angles u and 
V vary in the range (0, 27r). However, for a plasmonic 
wormhole, see Figure [l]( a) , we only need the upper half 
of a toroidal cloak, that is u varies between and tt. If on 
the contrary we concentrate on the toroidal cloak lying 
on the metal surface, see Fig. |2] we now need to tilt the 
toroidal cloak by an angle of 7r/2 and further cut it in two 
halves along the z-axis, so that it is now v which varies 
from to TT. 

We note that if the toroidal cloak component of the 
wormhole consists of an alternation of two homogeneous 
isotropic layers of thicknesses cLa and ds and permittivity 



£b = and permeability ^a = and 



\b, we have 



1+7] 



1 



J7_ 
As 



Aa + ?]Ai 



1 



(4) 

where 77 = ds/dA is the ratio of thicknesses for layers A 
and B and dA + ds — ^■ 

We report in Fig. [3] some computations for a SPP in- 
cident at 700 nanometers upon the structured magnetic 
wormhole consisting of an alternation of homogeneous 
magnetic layers specified in the online Supplementary In- 
formation. If we now tilt the wormhole by an angle 7r/2, 
a similar design holds with an alternation of dielectric ho- 
mogeneous layers, see Fig. [i] Further technical details, 
as well as numerical results obtained for 800 nanometers, 
can be found in the online supplementary information. 






d) ^ 







FIG. 3: Structured magnetic wormhole: SPP Gaussian beam 
with a waste of 2100 nanometers incident upon a multi- 
layered cylindrical wormhole at 700 nanometers smoothly 
bent around a metal toroidal obstacle; The permeability in 
every layer (of identical thickness 6Qnm) is given by jj,i = 
[ 0,0032; 7,9796; 0,0467; 7,9178; 0,1205; 7,8363; 0,2066; 
7, 7476; 0, 2965; 7, 6575; 0, 386; 7, 5691; 0, 4729; 7, 4839 ] , (from 
the inner to the outer layer); (a) Three-dimensional plot of 
the real part of the magnetic field; (b) Top view; (c) Dia- 
grammatic view of the device; (d) Side view. The color scale 
has been normalized. 

It is enlightening to look at the dispersion relation for 
the surface plasmon at the interface between the metal 
surface and the handlebody. The latter is described by 
diagonal tensors of relative permittivity and permeability 
£2 = diag(ea;a;2, ej,y2j £222) = diag(//a;a;2, /ij,y2, Mxz2) as 
V and z coincide at z = 0. The boundary condition at 
the interface z — requires continuity of the tangential 
components of the electromagnetic field, which brings 



kzi 

£1 



0. 



(5) 
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FIG. 4: Structured dielectric wormhole: SPP Gaussian beam 
with a waste of 2100 nanometers incident at 700 nanome- 
ters upon a metal toroidal obstacle dressed with the worm- 
hole (left panel) and on its own (right panel). The Permit- 
tivity in every layer (of identical thickness 60nm) is given 
by: £i= [ 0,0032; 7,9796; 0,0467; 7,9178; 0,1205; 7,8363; 

0, 2066; 7, 7476; 0, 2965; 7, 6575; 0, 386; 7, 5691; 0, 4729; 7, 4839 

1. ; (a,b) Three-dimensional plot; (c,d) View from above; (e,f) 
Side view. The color scale has been normalized 

The existence of a surface plasmon thus requires £i and 
£xx2 to be of opposite sign. Importantly, no such require- 
ment is needed for the permeability, i.e. the transformed 
metal need not be magnetic. From ([s]), we deduce the 
dispersion relation for the SPP: 



_ 1^ £zz2£l{lJ'yy2£l — £xx2) 
C V SiEi — Sxx2£zz2 



CONCLUSION 

In conclusion, we have studied analytically and numer- 
ically the extension of wormholes to the domain of sur- 
face plasmon waves propagating at the interface between 
metal and dielectric/air. These waves obey the Maxwell 
equations at a flat interface and are evanescent in the 
transverse direction, so that, the problem we have treated 
is somewhat a two-dimensional version of the wormhole 
design by Greenleaf et al. |22j : it is enough to consider 
the wormhole as a manifold in a three dimensional Eu- 
clidean space. Nevertheless, our numerical computations 
based on the finite element method take into account 
the three dimensional features of the problem, such as 
plasmon polarization and jump of permittivity at the in- 
terface between metal and metamaterial/air which are 
described by permittivities of opposite sign. 

Wormholes introduced by Greenleaf et al. represent a 
fascinating electromagnetic paradigm, but were initially 



thought as an abstract metamaterial bridging two spheri- 
cal holes, thereby requiring a further dimension for the in- 
visible tunnel, and moreover no permeability and perme- 
ability tensors were derived for a specific design. In the 
present letter, we have transposed this idea to the area of 
surface plasmon polaritons, with two illustrative exam- 
ples of invisible handlebody and ring over surfaces, and 
further proposed a multi-layered version of these metar- 
materials to foster applications in the emering field of 
transformational plasmonics. 
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